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Coinduction
(lattice theoretic)

Knaster—Tarsk| flxed Domt

!

La complete lattice and B:L-->L a monotone map z
VB = U [X \ X CB X)}

The post fixed points of B are called
invariants or bisimulations
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A Deterministic Automaton (DA) is a trlple (X 0 t) i
VL  Xis the set of states |
|« 0:X-->2 is the output function |
o 1 X-->XA |s the transition function {
” (a Coalgebra for the functor 2xIdA)

=5 Relx——>ReIx
B(R)={(x,y) | o(x)=0(y) and for all aeA t(x)(a) R t(y)(a)}
(3 Language equivalence (~) is vB
D By coinduction, to show x~vy

* IS enough to find R such that
Od) {(x,y)} ¢ R and

R cB(R)
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R Is not a bisimulation,
but a bisimulation up-to equivalence
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Nalve Algorithm

R Is not a bisimulation,
but a bisimulation up-to equivalence
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Eqv: Relx-->Relx
R cB(Egv(R))
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* |n the worst case, the naive algorithm explores n? pairs

* The Hopcrott and Karp algorithm (1971) builds a
bisimulation up-to equivalence: it visits at most n pairs.
The complexity is thus (almost) linear.

* For Non-Deterministic automata, there are smarter up-
to technigues which allow for an exponential speed up
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Brzozowski derivatives defines a DA (RE,o,1)

el fd el tl
11 e+fl e+fl efl e*l
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We can prove the soundness
of Kleene Algebra Axiomatization
by mean of coinduction
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K\eene A\gebra

\

R={ (e(f+g) ef+eg) | e,'f,g cRE}is s
e(f+g)
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Bhv: Relre-->Relge
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Arden's rule

Given two regular expressions k and m, the equation
e~ke+m

has solution e=k™m, I.e., K"m~kk™m + m

Can be proved by coinduction
Moreover:

1. k&=k*m is the unigue solution, i.e., f~kf+m= f~k*m

2. K*m is the smallest solution, I.e., f~kf+m= k*m=f

language inclusion (=) is vB'
B':Relx-->Relx is defined as
B'(R)={(x,y) | o(x) < o(y) and for all a€A t(x)(a) R t(y)(a)}
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Arden's ru\e

1‘* To show f~kf+m=> k*m<f

We prove that :
S=1{(k'mf)| f~kf+m } 1

,,
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1. Kml=>ml= kf+fl | N
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Slf: Relgre--> R9|RE
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We need to prove that these technigues are sound
(they do NOT follow from Knaster-Tarski)

Proving soundness is rather complicated and error prone

| In I\/Illner S book there are two mlstakes

|
I

i
Weak Bisimulation up to weak bisimilarity ,‘

[

Weak Bisimulation up to equivalence :



Desliderata

We would like to be able to prove soundness for

e Different sort of up-to technigues (like Eqv, Bhyv, Ctx, Slf)
* Different sort of coinductive predicates (like ~ or =)

* Different sort of systems (like DA or LTS)

Moreover, we would like to prove the soundness of these
techniques In a modular way:

Ctx and Bhv are sound = BhveCix is sound
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G is sound if there exists a functor H:Coalg(FG)— Coalg(F)
and a natural transformation k:U=UH

intuitively H H

transforms Coalg(FG) » Coalg(F) mgswlg\tjreeliK
XcFGX Ul » l U that
INto d XcY
YCFY Relx > Relx

3/, /CXCFGX = 3L, ZcYCFY = ZcVF
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Generalised Powerset

Construction
Silva, Bonchi, Bonsangue, Rutten - FSTTCS 2010

X 4 - TX
Ta Theorem
TFTX Coalg(FT) A » Coalg(F)
d ‘T/ Ul n A l U
FTTX Set 9 > Set
e
FTX

a functor F, a monad (T,n,u) and a distributive law \: TF =FT
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Compatible Functors

Actually, we need much less than a monad T...

Theorem: in a category C with countable coproducts,
F-compatibility implies F-soundness

Compositionality Theorem
It G+ and G2 are compatibile with F,
then G10G2 is compatible with F

G Is said to be compatible with F iff there is \:GF=FG



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)
Rel

Set



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)
Rel

Set X



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)
Rel Relx

Set X



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)
Rel Relx

Set X . Y



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)
Rel Relx Rely

Set X - Y —



Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

Category Rel
objects: RCXxX

arrows RCXxX—=>ScYxY: f:X—Y such that f(R)cf(S)

Rel Relx /Llf\< Rely L(R)
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Coinductive Predicates

Hermida and Jacobs - Information and Computation 1998

| F=2xIdA
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COmpatlblhty Of Bhv

;;Theorem Let (F F) be a f/brat/on map |
and a:X—FX be an F-coalgebra “
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Whenever F preserves weak pullbacks
~__the canonical relational lifting is a fibration map

Corollary: ’;
m up -to language equivalence (at the beginning of this talk) '
’ “and up-to bisimilarity (Milner) are compatible
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