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Behaviour of finite automata 

 

  

 regular languages 

 

 regular Moore behaviours 

 

 !-regular languages 

 

 regular tree languages   
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Algebraic Acceptors 

Rabin-Scott (1959) 

 

 

 

Eilenberg (1974) 

 

 

Wilke (1991) 

 

 

Bojanczyk-Walukiewics (2006) 
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finite monoid  



Many Algebraic Acceptors  

… For Regular Languages 

  

Automata   Algebraic  Acceptors 

 

deterministic 

 

alternating 

 

nondeterministic 

 

xor 
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Rabin-Scott (1959) 

Pin (1986) 

Polák (2001) 

Reutenauer (1978) 



Canonical Algebraic Acceptors 

● Syntactic monoid for regular languages 

 

● Syntactic semigroup/monoid for regular Moore/Mealy behaviour 

 

● Pin: syntactic ordered monoid 

 

● Polák: syntactic idempotent semiring 

 

● Reutenauer:  

 

 

● Wilke: syntactic binoid 

● Bojanczyk/Walukiewics: syntactic forest algebra 
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Hallmark of Algebraic Automata Theory 

Eilenberg‘s Theorem 
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form isomorphic lattices 



Other Eilenberg-type theorems 
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Pin: 

Polák: 

Reutenauer: 

form isomorphic lattices 

Eilenberg: 



Our goals … 

 

 

 

 

● General results concerning duality of algebraic and  

coalgebraic recognition 

 

 

● General version of Eilenberg‘s theorem uniformly 
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Rest of the Talk 

 

 

● Technical details of our setting 

 

● Statements of several versions of Generalized Eilenberg‘s Theorem 
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Recipe – Ingredients 
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Take: 

Define: 

Prove:    

our assumptions 



Examples of Ingredients 
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Recipe – Preparation 
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Post Preparation Situation 
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Duality 
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Theorem. Clark-Davey (1998): Natural Duality 



Recipe – The Secret Spice 

Bimonoids 
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Examples of Bimonoids 

 

 

Uniform Eilenberg Theorems: Syntactic Algebras For Free | IFIP WG Meeting | September, 2014 

 

 

16 



Towards Eilenberg‘s Theorem 

Recap: 
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Now consider: 

Proof.  The duality restricts a algebra-coalgebra duality  

  extending the natural duality. 

Theorem. 



Detour: Syntactic Algebras for Free 
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Detour: Syntactic Algebras For Free 
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Theorem.   The following are dual: 

Proof.       Follows directly by restriction duality for finite algebras. 

     (Definition of syntactic algebra for free.) 

Example.      Original case   

In other cases analogous characterizations as for syntactic monoid.  



Local Eilenberg Theorem 
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Theorem.    The inclusion ordered lattices of (1) and (2) are isomorphic.  

Proof.  Take ideal completion of previous duality 

   



Semi Local Eilenberg Theorem 
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Missing.  

Theorem.    The inclusion ordered lattices of (1) and (2) are isomorphic.  

Proof.  Take ideal completion of restriction of previous duality. 



Global Eilenberg Theorem 
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Still missing. 

Theorem.    The pointwise inclusion ordered lattices of  

   (1) and (2) are isomorphic.  

Proof.  Take ideal completion of result concerning  

     



Conclusions 

● Uniform category-theoretic approach to Eilenberg-type theorems 

 

● local, semi-local and global theorem specializing to new and existing 

results (Gehrke/Grigorieff/Pin, Pin, Eilenberg, Polák, …) 

 

● Lots of syntactic algebras for free  

(parametric in well-behaved finite algebras whose opns commute) 

 

Future Work 

● Profinite equations and Reitermann‘s theorem 

 

● 2-sorted cases (e.g. forest algebras of Bonjanczyk/Walukiewics) 

 

● Understand why automata-theoretic notions have  

algebraic counterpart      uniform decidability results 
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