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. 7l Adjointness in Foundations
M (Lawvere 1969)
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Boole’s algebra of classes 1847

Operations:

Laws:

v, 0, N\, 1,

pVqg=qVp

PAG=qAD
(pvVgVr=pVvi(gVvr)
(A AT =pA(gAT)
pA(@VT)=pAgVpAT
pV(gAT)=(@VgA(Vr)
pVp=rp

PApP=D

1)

pVpAqg=p
pA(PVQ =Dp
OVvp=np
OAp=0
1vp=1
LAp=p

—(pVq) =-pA—q

—(pAgq)=-pV—q



1879

Motivated by the pursuit of
foundations of mathematics;
Inspired by real analisys

Brings the concepts of
variables and
functions

into the logical realm

FREGE vis PEIRCE

1870

Inspired by the work of
De Morgan on relational
reasoning

Introduces a calculus in which
operations allow to

combine relations and

satisfy a set of algebraic laws



The Calculus of Relations
Begond e bockam perators, iF o

RoSE {(x,2) | JyeY.(x,y) e RA(y,2) €S} C X XZ ‘id;(déf{(x,yﬂx =y} CXxX
. 7@ def
ReSY {(x,2) | YyeY.(x,y) eRV (y,2) €S} CX X Z idy ={(x,y)|x # y} SXxX

R" = {(y,x) | (x,y) € R}

3(0?« ol ssefs x,\/amo\ &
ad 1elerions ReXeY o SeVed
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The Calculus of Relations

Syntax E = (R)|id° | ESE | id®* | ESE |
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The Calculus of Relations

Syntax E == (R)|id° | E°E | id* | E*E |
E' | T | ENE | L | EUE | E

Semantics %"’W"\' I:(X,Q) WQ\% X in o nefl 0/“0\ QIZ—>SO(>‘X3

(Ry; & p(R) (id°); f id},  (E15E)r f (E1)r ¢ (E2)r
(ENr € (EY) (id®); Sidy,  (ErtEx)r € (Bt (Ex)r
(Eyy ¥E), (Lrfo (E1UEy)r = (E1)r U(E)s

ef ef
(T € X xX (E1NE); € (E);rN(E)r

Some Laws
INEA
RO(SeT) <cr (RoS)ST  (ReS)oT <ceRe(SOT)  plya iy

idy <ck R ¢R  R9 RV <cp idy té’;lgg(c}om
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TARSKI'S QUESTION

The calculus was shown to be
strictly less expressive than First Order Logic

(Lowenheim 1915)

It was forgotten until in 1941
Tarski fall in love with it

Does
a complete axiomatisation for the calculus of relations
exist?

The question has a negative answer (Monk 1961)
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Rewriting (e.g. Gavazzo 2023)
S CIENCE
Relational databases (Codd 1970)

Proof Assistants (e.g. Pous 2013) <= Lack of variable and quantifies

Foundations of program logics (Prat 1976) (Hoare,He, 1986)
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Rewriting (e.g. Gavazzo 2023)
S CIENCE
Relational databases (Codd 1970)
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Le;& Resioluod,

csa < b e | /
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The Calculus of Relah%ﬁg&

Rewriting (e.g. Gavazzo 2023)
S CIENCE
Relational databases (Codd 1970)

Proof Assistants (e.g. Pous 2013) <= Lack of variable and quantifies

Foundations of program logics (Prat 1976) (Hoare,He, 1986)

(r :
Le E Reg \ood), The calculus of relations has an
5 ' vQ) >§ ~ j’y intrinsic charm and beauty which
Cra@u < S bea' / makes it a source of intellectual
154 delight to all who become

acquainted with it."
(Tarski 1941) (Hoare,He, 1986)

< E; &



The Calculus of Neo-Peircean Relations

OVERCOMES THE MAIN LIMITATIONS OF THE CALCULUS OF RELATIONS

WHILE MANTAINING ITS USUAL BENEFITS:
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THIS IS OBTAINED BY MOVING

FROM TRADITIONAL (CARTESIAN) SYNTAX

TO RESOURCE-AWARE (MONOIDAL) SYNTAX



The Calculus of Neo-Peircean Relations

THIS IS OBTAINED BY MOVING

FROM TRADITIONAL (CARTESIAN) SYNTAX

TO RESOURCE-AWARE (MONOIDAL) SYNTAX

FROH RINARY  RELATOND RSXxX

\ n m m
T tonooar’ ReEamons R € X x X Jor rome mmel



The Calculus of Neo-Peircean Relations

WITH THIS MOVE, ONE IMMEDIATELY IDENTIFIES NOVEL CONSTANTS
. FOR ALL SETS X/ « =<10, 19, X —s Xxx

< E{x 2 |x=yrx=2z)
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The Calculus of Neo-Peircean Relations

WITH THIS MOVE, ONE IMMEDIATELY IDENTIFIES NOVEL CONSTANTS
. FOR ALL SE€TS X 4 =< 10, no\x> X~>>< X

O def{

(x, (1,2)) | x =y Ax =2z}

. POR ALL SeTs X );-_ X 1% {%}

W“%u*nxeX}

BY COMBINING THESE WITH OPPOSITE AND COMPLEMENT, ONE OBTAINS
S ={(x, (12) |x=yAx=2z} 13 ={(x*) |xeX)}
= {(((g,2), x) |[x=yAx=2z} i° def{(* x) | x € X}

O def

G @) [x#yvezzy =0
> = {((g.2), x) [ x2yVx £z} =0



The Calculus of Neo-Peircean Relations

WITH THIS MOVE, ONE IMMEDIATELY IDENTIFIES NOVEL OPERATIONS

def

R®S =

def

1((x0),(y,w)) | (x,y) € RA (0, w) € S}
RS =

{((%,0),(y,w)) [ (x,y) €RV (0, w) €5}

BOOLEAN OPERATIONS AS WELL AS OPPOSITE
CAN BE DERIVED BY COPIERS, DISCARDS AND PRODUCTS



The Calculus of Neo-Peircean Relations

id8|idf|cri1|c?c|c®c|
id5|id;|01"1|c?c|co24c



The Calculus of Neo-Peircean Relations

|ld°|idf|0i1|c?c|c®c|
|1d°|id;|01°’1|c?c|c»24c

G-IveN I:<X,Q> X s s SeT Q;Zm/mﬂ@(x"‘x)("“)

def O é def def O
TH(«)) = TH(1S) S TH(»9) = TR(iS) =
Iﬂ(de)dff d° Jﬁ(ld°)dff id, I (a“)d—ef 0% ITHER)E (R)
def——=T

THced) & 18 () o TH(d) Jﬂ(c®d)def1ﬂ(c)®fﬁ(d) THRHEH(R)

def

STANDS  Por  €1THeR © OR o



The Calculus of Neo-Peircean Relations

— c— —
Axioms of strict symmetric monoidal categories
as(bsc)=(ash)sc idysc=c=cgid, (a®@b)®c=a®(b®c) idg®c= idy ® ¢
(@®b)e(c®d) =(asc)® (bsd) o} 507, =idy (c®idy)2an, =0, (ids ®c) f— W e)( ,\ S
Axioms of cartesian bicategories / E w ’ ) OY) -
o 0 aq®) (22 o 0 o0 o o o (»7as) o Y0 3.0
<, s(idy, ®<;) < (<@ idy) (idy @»p)swn = (bp®idp)e ey —~ .# ﬁ_
ooy (€ : TR (»o-un) o aT
<, 9(idy ® 1) idy, (dy ®ip)swy = idy
oge (0 & e < | C F
nS0nn = . n
- ~ (-
(G id) o (idg @»p) = (idy ®<) ¢ (»o® id3) owy = idy
Ry (<)  («-nat)
ipely < idg n < (idp ®idy) o« < «4c®c)
') () N o (Cmay
idy < 'y idy < <oy eely =< 0
Axioms of cocartesian bicategories
(<" *oas)
<« 2(ids way) =2 < r(agwidy) (idy awg)ewn T2 (mawid))e ey
. e ( . . o (>tum) o
<, *(idy & 1}) dy (idy >y = idy
oo (€ - o ope (P0) o
4!) *Onn = ““ Tnn® ®n = n
. . . o () . . o i 10 . . .
(G idy) ¢ (idy wwy) =" (idy o<q) s (> idpy) e, = idy
(ei*) (e»*) («*-nat)
< idy < t»n < idy G tcwme) < ¢
Yo gpe 1 @ id .
nthh Patey < (idy @ idy) '

Axioms of closed symmetric monoidal linear bicategories

(&) 3,)
as(bsc) < (ash)s (asb)sc < as(bso)

o () . .o ) o (R - LR
idpym < Oum®Omn  Onm$Omn < idniy id; < R°$SR* R°SR° < id}
L @), . ) Rz (tR") PR . e
o < OnmOmn OnmSOmn < dnim idy, < R'$R® ROR" < idy

(®°) (®°)
iy, < id}®idg, idy @ idy, < iy,
) )
(asb)®(ctd) < (a®c)s(bwd (amc)o(b®d) < (ashb)yw(cod)

Ve
(atb)®(ctd) < (awc)s(b®d) (@a®c)9(bwd

< (asb)w(cod)

Additional axioms for fo-bicategories

o T2 y<) () .

iy < e B9« < idy,,  idl, < »5ten
( o (ri°)

idy, inely < idy id; < el

5 B o (re . @)

dy < aqeen R0 < idp, iy < %
(! (! (zi*)

idy < heipn inoly < idy id; < ety

. )
(,® idy) ¢ (id; ®»}) (id;, @) S
()
(< idy) ¢ (idy wwy) = (idy <,

(»h@idy) (€@ idy) ¢ (idy

(wpeidy)  («heidy) e (idy,




Diagrammatic Syntax

cu=< 1] |R°[i][w»] |idy |id] | f1|c clc®c|
< |1TIR* i [»] |idg | id] | 1'1|c clcwc
()= —C|— [HR-] o[ > | — 1 > | e ey | |

CEoECEEESEOON



THE TAO OF LOGIC

spec. Frob

-

— left adj, D'_ '#

/
lin. Frob. | Ilin adj. lin. adj. I | lin. Frob.

- - < -

spec. Frob.




CARTESIAN BICATEGORIES

(CARBONI, WALTERS 1987 )

Operations
—C |~ [{R}-| || | — I > I e} e |
Laws <)

X («°- . °- - (<°- : S . («°-nat) =
X‘(zi(‘:aS)xé% X—CX (<=un)x—x x—O<;(<:C0)x—C; X—O—X(:) X—X ‘(—C; < X];
X ~ (»°-as) x (»°-un) ) (»°-co) . X (F°) x i (!°-nat)

ﬁ?”‘ = sz\ ,\'D_X = X—x :)O—y = ::}—‘( :5“ = \z: X HHcye < X —e
. (') (n'°) ” « €€ —, (n<°)
ot < XX < Xr—e X e = x—x <

Man Exarpie. Rel Cneds amel rellofioms

INTERNAL LPNGOAGS . | e m%qum &maodm T

wi

the W&\)I‘C,

(1 A

D’\“WQ‘FW

og FOL

T, =)



COCARTESIAN BICATEGORIES

Operations B
EOEEEEEEk
_—

. .
; ) (»°-un) ) -y P (»*-co) x o
i X : g X il X 2 )
e

>

MMN EXprPLe: RQQ,. . DQJ‘\-S ome) mLQQ)ﬂ'ws
vt He Bhock shwcrung,

INTERNAL LANGUAGE - | e (,om%qum -Suwdm ot o-g FOL
(V/ v / F / %)



CARTESIAN BICATEGORIES

REGULAR LOGIC

COCARTESIAN BICATEGORIES

X

COREGULAR LOGIC
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LINEAR BICATEGORIES  (cockert, seely 1997

CARTESIAN BICATEGORIES COCARTESIANxBICATEGORIES
REGULAR LOGIC COREGULAR LOGIC

To’ maKe Toen, imfaock ome meeds  some CLQJ\'@&O’MC@Q/
»ruwcruns olco,@m% with  twe  compoctions (3. ¢)



LINEAR BICATEGORIES  (cockert, seely 1997

CARTESIAN BICATEGORIES COCARTESIANxBICATEGORIES
REGULAR LOGIC COREGULAR LOGIC

Tor make thom, infuect ome muds  som  cafegoucol
mhuwchunes olco,@mg, with  Twe  compocitions ( s, )

(1) (5,)

Y
ol o Ittty DD
o B O e |
x(¥o°) X
<
my—yiy X X < X

) x X
} Y

x — X(TZ.)X ~% | X X(Yg.)x X

vy =y BT )><E:Y_Y Y ! !

X




LINEAR BICATEGORIES  (cockert, seely 1997

CARTESIAN BICATEGORIES COCARTESIANxBICATEGORIES
REGULAR LOGIC COREGULAR LOGIC

Tor make thom, infuect ome muds  som  cafegoucol
mhuchune olco,@mg, with  Twe  compocitions ( s, )

Dialectica, Linear distributive (De Paiva 1991, Cockett-Seely 1997)

(1) (6r)

moPFR RvE =3
u B} 25 D OIS IOTFY (AN i 1 3 B0
x (o) (TR°)
X X X
Fle— = my s YEY X X = XX

‘( X
Y Y
70*) (yo®)
x N1 X LA X : il



FIRST ORDER BICATEGORIES ... compt R

CAR TESIAN | — | — N
CO CARTESIAN ——
B cATE GORY ||" .|=|||




FIRST ORDER BICATEGORIES ... compt R

CAR TESIAN e
DIATEGORY [c) i —«C|—e | R} o | > — | > | e He |
CO CARTESIAN —-
eoreeory | (KN D I I O
»
SUCH THAT
. . . x(F_)x .
O R B — O o E | e
7!°) 10 T!° |® % x (F%) x 2
x—x(s xx =_‘(. (Y . x—x(s)xx .‘_= (Yg) . xi‘ = "ax
L (@) (z»*) > X X
M T g}xyz qEEmmiaE - X7 HRIRT FRERY PRENC (RS =)
‘M@ e E® YE YR YR

WHITE COMONOID IS LINEAR ADJOINT TO BLACK MONOID LINEAR
BLACK COMONOID IS LINEAR ADJOINT TO WHITE MONOID FROBENIUS



FIRST ORDER BICATEGORIES: PROPERTIES

liKOPQSmON
_Lm o gimihowo\% E\'Cere%ofug C/ C@,c% QlofW\Dd' C[X,\/:g
couen S \Dooeuvw gﬁ&ebw

def def

chlNd= x T= X—9 e—Y
def def

cld= x 1 = x e



FIRST ORDER BICATEGORIES: PROPERTIES

liKOPQSmON
_Lm o gimihowo\% E\'Cere%ofug C/ C@,c% QlofW\Dd' C[X,\/:g
couen S \Dooeuvw gﬁ&ebw

def

def
chlNd= x T= X—9 e—Y

def def
cld= x - 1 = x e
d

neres i—>(6i0;/°) SXIePS blcK amel  w it

7 )7/ /




FIRST ORDER BICATEGORIES: PROPERTIES

liKOPQSmON
_Lm o gimihowo\% E\'Cere%ofug C/ C@,c% QlofW\Dd' C[X,\/:g
couen S \Dooeuvw gﬁ&ebw

def

def
chlNd= x T= X—9 e—Y

def def
cld= x - 1 = x e
d

neres i—>(6i0;/°) SXIePS blcK amel  w it

7 )7/ /

SWapS G4t amd M%JM‘



FIRST ORDER BICATEGORIES: PROPERTIES

DEFNITION

AM,‘ amow < XY s paidl B be  a mep
x{;; :X§ X-{cle = x—e

E x BNPLE Im R@Q/ r\mo,?s Coimoce\e WL}Q/\ ;(rwoh'o’m



FIRST ORDER BICATEGORIES: PROPERTIES

DEFNITION

AM{ amow < XY s paidl B be  a mep
X—Ci :XI; X-{cle = x—e

E x BNPLE Im R@Q/ r\mo,?s Coimoce\e WL}Q/\ ;(rwoh'o’m

PROPOSITION

For ol Maps £ XY oamd  anpows c:Y—~>2‘/ 3(,°c:§;c
omal  Haus -l -y - o--Lh



Proofs as diagram rewrites
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Proofs as diagram rewrites

SKSg



Compositional encodings

def i—1—@

E(n:x;) = e

E(n:@1V @2) o

EM:T)S n—e E(n:L)E n
E(if(ty, mtm)) & n

E(n-1:3x,.0) "' T8RN (n-1:Vxn0) ¥ "

FIRST-ORDER LOGIC
CALCULUS OF

RELATIONS
CALCULUS OF
NEO-PEIRCEAN
RELATIONS
PEIRCE’S
EXISTENTIAL
GRAPHS (1909)
QUINE’S
- PREDICATE-FUNCTOR

LOGIC (1971)



Fundorial Semantics

GW-Q/VU Q m\omol'o)oﬂ/ S|”®6v;&)rwua Z/ o Caom SQLQS %wm\e
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Fundorial Semantics

GW-Q/VU Q m\omol'o)oﬂ/ S|”®6v;&)rwua Z/ o Cam SQLQS %wm\e
a FO - \D\’cofr@éon,% FO&Z

0b3ects - o matwal, muwbers

.
ARROWS : oJw Q\\'QDBQQ/W\S (o= —Cl— R} oD |*|><|||
moduds  He  axioms, CaEEEEEEmH

A (vnorz,PQm‘bmv o3 FO-‘DicO}TGQGWQ/) j%: FO&Z _ 5 Rel
QD Tk v om \‘m“}Q/\P%MOV\, (X, Q/) wh e

X - ﬂ(’l)
o(D-J(R) dov L Re 2



Fundorial Semantics

prm im*fl\,PﬂQ,*Q)”Q/Y\, It CX,Q) , %m;e wne (i N
MR P, of TO-\i ot egon) I#: FO‘))Z — Rel
ole Simed s He  memsamhics of- N?RZ

on def o or def o o def o con def .o
TH«) S« TR S 13, THOD) Sws, TH(IS) = 0%
THGdg) T ids  THGid?) Fids, TH(ot,) T ol ITHER) € p(R)
T¥esd) ¥ TH(c)s 74 (d) THcod) ' TH(c) 0 1%(d) THR)Ep(R)'

A (vnorz,PQm‘bmv o3 FO-‘DicO}TGQGWQ/) j%: FO&Z _ 5 Rel
QD Tk v om \‘m“}Q/\P%MOV\, (X, Q/) wh e

X - ﬂ(’l)
o(R)= J(R) fov ol Re 2



Fundorial Semantics

prm im*fl\,PﬂQ,*Q)”Q/Y\, It CX,Q) , %m;e wne (i N
MR P, of TO-\i ot egon) I#: FO‘))Z — Rel
ole Simed s He  memsamhics of- N?RZ

on def o or def o o def o con def .o
TH«) S« TR S 13, THOD) Sws, TH(IS) = 0%
THGdg) T ids  THGid?) Fids, TH(ot,) T ol ITHER) € p(R)
T¥esd) ¥ TH(c)s 74 (d) THcod) ' TH(c) 0 1%(d) THR)Ep(R)'

A (vnorz,PQm‘bmv o3 FO-‘DicO}TGQGWQ/) j%: FO&Z _ 5 Rel
QD Tk v om \‘m“}Q/\P%MOV\, (X, Q/) wh e

X - ﬂ(’l)
o(R)= J(R) fov ol Re 2



Fundorial Semantics

Sf’\m\'eorg%/ %\‘fvfm QJ“AS_VD} 01 «\J&WDH (Z,E)/ o com 5/@.9_\9 %%m\'z
o FO- \>\’cofrc%or13 FOBZ/E

0b3ects - o matwal, muwbers

ARROWS © OJi e\ﬂu%mms mooule e axioms amol He equobioms imE



Fundorial Semantics

Sf’\m\'eorg%/ %\‘fvfm QJ“AS_VD} 01 «\J&WDH (Z,E)/ o com 5/@.9_\9 %%m\'z
o FO- \>\’cofrc%or13 FOBZ/E

0b3ects - o matwal, muwbers

ARROWS © OJw Q\\'QDB’LO\NY\S mruoo\\kaﬂ e QiomS OJ‘ﬂOl He Cﬁmhom imE
NWO'LPQA\'SP(WU) JLL: FO&Z,E__D RCQ/

ARE IN BIJECTIVE CORRESPONDENCE WITH

models 0§ (5,6)



Fundorial Semantics

Sofri—1Yy [ (— @) (am o) () (- R

NWOTP Qm‘ Spmn f't: FO&Z/E———D RCQ/

ARE IN BIJECTIVE CORRESPONDENCE WITH

models 0§ (5,6)



Fundorial Semantics

SR d=1)  F (@) (D) ({r¢—) (——<Rb42))

NWOTP Qm‘ Spmn f't: FO&Z/E———D RCQ/

ARE IN BIJECTIVE CORRESPONDENCE WITH

models 0§ (5,6)



Fundorial Semantics

SR d=1)  F (@) (D) ({r¢—) (——<Rb42))

v, imkocpratotion, of 2 comsints of @ et X and @ laboy ReXaX
vaoo\eﬂ oﬁr(Z,E) i o | Total ) o

NWO'LPQA\'SPNVU) JL(-"‘ FO&Z/E-‘D Rel

ARE IN BIJECTIVE CORRESPONDENCE WITH

models 0§ (5,6)



Fundorial Semantics

SR d=1)  F (@) (D) ({r¢—) (——<Rb42))

v, imkocpratotion, of 2 comsints of @ et X and @ laboy ReXaX
vaoo\eﬂ 0%(2,6) s o okl o

NWO'LPQA\'SPNVU) JL(-"‘ FO&Z/E‘_‘D Rel

ARE IN BIJECTIVE CORRESPONDENCE WITH

models 0§ (5,6)



A FOX THEOREM OF CLASSICAL LOGIC

AN S— A
[ U HL (@) ™Y Fom [-I] HopC) — Bact
H] | cmmdep

Fob _+ “BHD

Rel

BOTH THE ADJUNCTIONS BECOME EQUIVALENCES WHEN RESTRICTING TO DOCTRINES
WITH AND

INTRODUCED IN (Maietti, Pasquali, Rosolini 2017)



A FOX THEOREM OF CLASSICAL LOGIC

S
CR L “EED  (cAco 2021)
N S~~~ A

Rel)
v Y T(c) ™ 11
/H& l Hw  (C) < Hmixl].MQP(C)w> Bk,
Rel
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BEYOND FOL: HIGHER ORDER?2 INTUITIONISTIC2 LINEAR?

CORRESPONDING ALLEGORICAL NOTIONS?

COMBINATORIAL CHARACTERISATION BY MEANS OF HYPERGRAPHS?

.

DEVELOP A PROOF THEORY AND INVESTIGATE THE LINK WITH DEEP INFERENCE



