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FREGE PEIRCE

Motivated by the pursuit of 
foundations of mathematics;
Inspired by real analisys

Brings the concepts of 
variables and 
functions 
into the logical realm

Inspired by the work of 
De Morgan on relational 

reasoning

Introduces a calculus in which 
operations allow to  

combine relations and 
satisfy a set of algebraic laws

18701879

V.S.



The Calculus of Relations
Beyond the boolean operators, it has

for all sets X,Y and E

and relations R=XY and S =Yx Z



The Calculus of Relations
Syntax o

REZ



The Calculus of Relations
Syntax

Semantics

o
REZ

given I =(X, e) where X in amet and e:2 -P(kxX)



The Calculus of Relations
Syntax

Semantics

o
REZ

given I =(X, e) where X in amet and e:2 -P(kxX)



The Calculus of Relations
Syntax

Semantics

Some Laws

-- Rez
0

given I =(X, e) where X in amet and e:2 -P(kxX)

LINEAR

DISTRIBUTIVITY

LINEAR
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TARSKI’S QUESTION

Does 
a complete axiomatisation for the calculus of relations

exist?

The calculus was shown to be 
strictly less expressive than First Order Logic
(Lowenheim 1915)

It was forgotten until in 1941
Tarski fall in love with it

The question has a negative answer (Monk 1961)

↑
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The Calculus of Relations
Rewriting (e.g. Gavazzo 2023)

Relational databases (Codd 1970)

Proof Assistants (e.g. Pous 2013)       Lack of variable and quantifies

Foundations of program logics (Prat 1976) (Hoare,He, 1986)

(Tarski 1941) (Hoare,He, 1986)

IN COMPUTER
SCIENCE

LeftResiduol: an

1

x-Y

cia =

b batt
iff

CIb, at
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The Calculus of Neo-Peircean Relations

OVERCOMES THE MAIN LIMITATIONS OF THE CALCULUS OF RELATIONS

IT HAS THE SAME EXPRESSIVITY OF FIRST ORDER LOGIC
IT COMES WITH A COMPLETE SYSTEM OF AXIOMS

WHILE MANTAINING ITS USUAL BENEFITS:

POINT FREE REASONING: NO VARIABLES, NO QUANTIFIERS
PURELY EQUATIONAL REASONING

THECALCULUS OF NEO-PEIRCEAN RELATIONS
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THIS IS OBTAINED BY MOVING

SYNTACTICALLY

FROM TRADITIONAL (CARTESIAN) SYNTAX

TO RESOURCE-AWARE (MONOIDAL) SYNTAX
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The Calculus of Neo-Peircean Relations
THIS IS OBTAINED BY MOVING

SYNTACTICALLY

SEMANTICALLY

FROM TRADITIONAL (CARTESIAN) SYNTAX

TO RESOURCE-AWARE (MONOIDAL) SYNTAX

THECALCULUS OF NEO-PEIRCEAN RELATIONS

FROM BINARY REVRONS R XxX

to "MONOIDAL"RECAMONS R EXxXM fanomem,meN
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The Calculus of Neo-Peircean Relations
WITH THIS MOVE, ONE IMMEDIATELY IDENTIFIES NOVEL CONSTANTS

BY COMBINING THESE WITH OPPOSITE AND COMPLEMENT, ONE OBTAINS

COPIER

DISCARD

THECALCULUS OF NEO-PEIRCEAN RELATIONS

:FOR ALL SES X, =id, idx:X -XxX

:FOR ALL SETS X, !:X -(*)



The Calculus of Neo-Peircean Relations

MONOIDAL PRODUCTS

BOOLEAN OPERATIONS AS WELL AS OPPOSITE 
CAN BE DERIVED BY COPIERS, DISCARDS AND PRODUCTS

WITH THIS MOVE, ONE IMMEDIATELY IDENTIFIES NOVEL OPERATIONS

THECALCULUS OF NEO-PEIRCEAN RELATIONS
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The Calculus of Neo-Peircean RelationsTHECALCULUS OF NEO-PEIRCEAN RELATIONS

SYNTAX

4
REZ:ARONODAL SIONATORE, NAREY R:m-i

SEMANTICS CIVEN I =4,92 X is 1 ser, e:Zmm-0(m)

. STANDS FOR ETER O OR -



The Calculus of Neo-Peircean RelationsTHECALCULUS OF NEO-PEIRCEAN RELATIONS
COMPLETEANIOMANSAMON MAIN THEOREN

Let E,F be two expassions.

EF Iff I, I*(E): I*(r)
Sentier

By



Diagrammatic SyntaxDIAGRAMMATIC SYNTAX

TERMS

DIAGRAMS



THE TAO OF LOGIC



CARTESIAN BICATEGORIES
Operations

Laws

CARBONI, WACTERS 1987)

d

MAN EXAMPLE: Rel", acts and relations

with the white structure

INTERNAL LANGUALE:The regular fragment of FOL

(7,1,+, =)



COCARTESIAN BICATEGORIES
Operations

Laws

*ESTBE

MAN EXAMPLE: Relo, sets and relations

with the blackstructure

INTERNAL LANGUALE:The corregular fragment of FOL

(,v, +, f)
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CARTESIAN BICATEGORIES

REGULAR LOGIC

COCARTESIAN BICATEGORIES

COREGULAR LOGIC

LINEAR BICATEGORIES

Dialectica, Linear distributive (De Paiva 1991, Cockett-Seely 1997)

LINEAR BICATEGORIES (so (CockettSoy, 1997)

I - I

Tomake them interact one needs some categorical
structive deling with two compositions (9,)
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FIRST ORDER BICATEGORIES

LINEAR
FROBENIUS

WHITE COMONOID IS LINEAR ADJOINT TO BLACK MONOID

BLACK COMONOID IS LINEAR ADJOINT TO WHITE MONOID

SUCH THAT

FIRST ORDER BICATEGORIES imainARepampRRelRel

CARTESIAN

BICATEGORY
LINEAR

CO CARTESIAN BICATEGORY
BICATEGORY
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PROPOSION A

In a first-order bicategory I, each homeet ([X,Y]
carries or bookan algebra

:C;Es));;I swaps black andwhite

1.1t:1,; Ex,,, swaps left andright
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FIRST ORDER BICATEGORIES: PROPERTIESFIRST ORDER BICATEGORIES:PROPERTIES
DEFINITION

An Grow c: xY is said to be amep if:

t ⑰

EXARLE In Rel maps coincide with functions

PROPOSIRON B

For all maps fix-Y andarrows (ix->z, fic=I.

amd thu
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Proofs as diagram rewrites

(IN THE PROPOSITIONAL CASE, THE AXIOMS OF FO-BICATEGORIES GIVE 

RISE TO THE DEEP INFERENCE SYSTEM SKSg (Brunneler 2003) )

PROOFS AS DAAGRAM REWRITING

7x. y.R(xy) 1 I
⑬

I I ty.7xR(x, 3)



Compositional encodings

PEIRCE’S
EXISTENTIAL 
GRAPHS (1909)

CALCULUS OF
RELATIONS

CALCULUS OF
NEO-PEIRCEAN

RELATIONS

QUINE’S
PREDICATE-FUNCTOR

LOGIC (1971)

FIRST-ORDER LOGIC

COMPOSITIONAL ENCODINGS

-
- -
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COMPOSITIONAL ENCODINGS
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Functorial Semantics

ARE IN BIJECTIVE CORRESPONDENCE WITH

COMPOSITIONAL ENCODINGS
EXAMPLE
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Functorial Semantics

ARE IN BIJECTIVE CORRESPONDENCE WITH

COMPOSITIONAL ENCODINGS
EXAMPLE REFLEXIVITY TRANSITIVITY ANSYMMERRY TOTALITY

5 ={R:1-13 E = I - I

An interpretation of I consists of a net Xand a relation RcXxX
A model of (2,E) is a "total

'I

onder

moey hispme M:FOBz,->Rel

model of(2,E)
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BOTH THE ADJUNCTIONS BECOME EQUIVALENCES WHEN RESTRICTING TO DOCTRINES

WITH COMPREHENSIVE DIAGONALS AND RULE OF UNIQUE CHOICHE

INTRODUCED IN (Maietti, Pasquali, Rosolini 2017)

(CALCO 2021)

BOOLEAN HYPER-DOCTRINES

IsEEDB
-

of
Re

YU HmIC)."Hom,[-, IS:MopCC) -> Boot
HmI

-
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 PEIRCEAN BICATEGORIESPEIRCEAN BICATEGORIES

DEFINITON

A Peircean bicetegory consists of a Contenian bicategory
such thatPROPOSIONS Aand ishold. Namely,
A) every homeet carry a bookam algebra
B) for all maps fix-xy andamous cix-> E,fic =foi

THEOREN ILEIB



 Conclusion
· Point-free reasoning:no variable, no quantifier.
· Purely equational reasoning:replace equals by equale
· Complete axiomatication:(c) Cartesian Linear bicatenies
· Proofe a diagram reweiten (link tr deep inferma
· Functorial semantics: models are structure passering maps
. Fox-theorem:equational characterization of hyperdoctimes
· Function symbole are not separate syntactic entities
. The empty model does not require a special tratment

&



BEYOND FOL: HIGHER ORDER? INTUITIONISTIC? LINEAR?

CORRESPONDING ALLEGORICAL NOTIONS?

COMBINATORIAL CHARACTERISATION BY MEANS OF HYPERGRAPHS?

Future Work

DEVELOP A PROOF THEORY AND INVESTIGATE THE LINK WITH DEEP INFERENCE

MULMERDON
x xy -NL

IMUIDOION C
UNEM C04C192

Spon (set)
Y.


