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Theorem 3 Theorem (Adamek '74).

initial F-algebra initial F-algebra

colimit of all ‘finite’ @->Fo—> .. .F'g—> -
recursive F-coalgebras by transfinite induction

fully formalized
in Agda
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F-algebra ~  with presentable (‘finite’) carrier
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having binary coproducts of presentable objects,
©) Instances:
initial colimit of all recursive F-coalgebras X-presentable,

F-algebra ~  with presentable (‘finite’) carrier JiTiEs

Finiteness in a category &

. . require
le a class Fil of
filtered diagrams

Recursive F-Coalgebra (R, r)

EI'h

X (Fil-) s
%(X —) preserves finitef
colimits of diagrams in Fil

¢ (Fil-) =

well-founded induction

divide & conquer algo-

build all objects fi
rithms (e.g. quicksort) uild all objects from

a set 6, of presentables




Initial Algebras Unct >d  Construction Proof Structure £ Fixed Points Conclusions | Stefan Milius |

Proof Structure

- Locally finrec Fc:FT = FFT }
Colimit . There exists
coalgebra — is also a locally — h: (FT, Fe) » (T, ¢)
T - FT finrec coalgebra ’ ’ ’
F-Coalgfin: Limbek’s Cisan
Di ¢ emma
|agr-am ° —— isomorphism
all recursive (R, r) ———————> T=FT
with R € &, =
Colimit Injection: Universal Property: The identity id
stheungue  thereisguique TNty i
h:(R,r) = (T,c) — (R,r) = (T,c) = endomorphism Initial Algebra
for all for all (locally) (T,c) > (T,c) CLFT ST

(R, r) € F-Coalgfin finrec (R, r)
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>5000 lines (29 files)

using agda-categories 0.2.0

Why does the colimit of all
presentable (‘finite") recursive coalgebras exist?

Set Theory
presentable/finite coalgebras:
(up to iso) just a set

Agda’s Type Theory
finite coalgebras:
on the set level £

finite recursive coalgebras:
one level higher £ + 1
(for all algebras .. .)

finite recursive coalgebras:
a smaller set

less elements

more properties
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Agda Formalization
arxiv.org/src/2405.09504/anc/index.html
>5000 lines (29 files)

using agda-categories 0.2.0

Why does the colimit of all
presentable (‘finite") recursive coalgebras exist?

Agda’s Type Theory
finite coalgebras:
on the set level £

Set Theory
presentable/finite coalgebras:
(up to iso) just a set

finite recursive coalgebras:
one level higher £ + 1

finite recursive coalgebras:
a smaller set

(for all algebras .. .)

less elements
LEM to the rescue

a finite coalgebra is
recursive or not recursive
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injection
can we choose i € 2 and xg € Di such that x =inj;(xq)? Mibi=C
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Agda: Choice of Representatives

Given x € C for a colimit C = colim(Z =2, Set), ...

injection
can we choose i € 2 and xg € Di such that x =inj;(xq)? Mibi=C

In agda-categories . ..

YES, because categories are enriched over

I

Setoids = sets + equivalence relation

2

and forming quotients (e.g. in colimits) just makes = coarser.

Open Question:

What if proper type quotients are used instead of Setoids?
(e.g. cubical agda ...)
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Three Fixed Points

Three fixed points of F characterized and constructed by colimits:

F-algebra  F-coalgebra colimit of ...
_ terminal all recursive F-coalgebras
initial . . VB prosd :
, recursive with presentable (‘finite’) carrier
rational
fixed point
\initial terminal all F-coalgebras
iterative locally fp with presentable (‘finite’) carrier
initial :
. terminal all F-coalgebras
cia
A
7/
completely

iterative algebra
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Theorem. For F: 4 — % accessible on an accessible category ¥

having binary coproducts of presentable objects,
Instances:
initial _ colimit of all recursive F-coalgebras = x-presentable.
F-Algebra with presentable carrier finite
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Theorem. For F: 4 — % accessible on an accessible category ¥
having binary coproducts of presentable objects,

|nstances:
initial colimit of all recursive F-coalgebras ~ A-presentable:

F-Algebra - with presentable carrier finite
Conclusions & Future Work
® Agda formalization is challenging

® Decision procedure for recursiveness of ‘finite’ coalgebra?
(its type: V(C,c): C finite — recursive(c) Vv —recursive(c))
® Similar theorem for well-founded coalgebras?

® Concrete example for a non-finitary functor in Agda

long chain!
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Initial Algebras

For F: 4 - ¥

F-Algebra: A € € with a: FA — A.
Initial F-Algebra: unique homomorphism to every F-algebra.

Initial Algebra for FX = {e} + XxX
Initial F-algebra is carried by | = all binary trees

i . i A
{o}+ IX] ——— | inf(e,o o) —— o
: J e
idy+hxh El idy.)+hxh Ih
|
|
{e} + NxXN —— N inr(0,1) ———— 2
=0

(k,n) = 1+max(k,n)



Initial Algebras Unchained Construction Proof Structure Agda Fixed Points Conclusions | Stefan Milius |

For F: ¢ - ¢
F-Coalgebra: C € € with ¢c: C — FC.
Coalgebra-to-Algebra morphism: s: (D, d) — (A, a)

C D A B
T
FC FD 2 FA s FB

Coalgebra (D, d) is recursive if

for all a: FA — A, there is a unique
Coalgebra-to-Algebra morphism s: (D, d) — (A, a).

Under mild conditions ...
Recursive = Well-Founded = ‘no infinite path’
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R r FR

u — inr(x,x) u v

v b inr(y,w) A A

w — inr(z,y) X X y w

x + inl(e) A
y + inl(e) z y
z +— inl(e)

For every b: FB — B:
h:R — B
h(x) := h(y) := h(z) := b(inl(e))
h(u) := b(inr(h(x), h(x)))
h(w) := b(inr(h(z), h(y)))
h(v) := b(inr(h(y), h(w)))
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Definition: A category & is filtered if ...
® 9 is non-empty,
® for every X, Y € &, there is an upper bound Z € &, that is,
there are morphisms X —» Z and Y — Z,

® for every f,g: X = Y, there is some Z € & and some
h:Y — Z such that hog = ho f.

Finitary functor = functor preserving colimits of filtered diagrams

Definition: An object X € % is finitely presentable if ...
€ (X,-):% — Set preserves filtered colimits.

Examples

Sets/Graphs/Posets: finite sets/graphs/posets

Nom: orbit-finite nominal sets

Vector-spaces: finite dimensional vector spaces.

Monoids: defined by finitely many generators + equations.
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Category S/X: for aset SCobj% and X € ¢
® objects (S,f) for Se€ . and f:S - X (in €), and
® morphisms h: (S, f) - (T,g) for S —> T with goh="f

Canonical Diagram

Usix:SIX =€ (P —X)w P

Category % is locally finitely presentable, if ...

it is cocomplete and
has a set S of finitely presentable objects such that
X = colim Us/x for all X € €.
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Fix a class Fil of small filtered categories.
(realized as a predicate in Agda)

Definition
® An object X € ¢ is (Fil-)presentable if its hom functor
% (X, —) preserves colimits of diagrams D: 2 — ¢ with
2 € Fil.
® A category € is Fil-accessible provided that

® there is a set €, € ¢ of (Fil-)presentable objects,
® for all X € €, the coslice category (%,/X) lies in Fil,

® for all X € €, the object X is the colimit of

Ug,ix: 6o X = € (P> X)) P.



	Initial Algebras Unchained
	Construction
	Proof Structure
	Agda
	Fixed Points
	Conclusions

