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Mathematical framework h|gh||ghts

based on category theory

for state-based
systems semantics

. S. Probabilistic systems coalgebraically TCS’11

. Jacobs, I. Hasuo, A. S. Generic trace semantics via coinduction LMCS’07

. Jacobs, |. Hasuo, A. S. The microcosm principle and concurrency in coalgebra FoSSaCS’08

. Jacobs, A. Silva, A. S. Trace semantics via determinization JSS’15

. S., H. Woracek Congruences of convex algebras JPAA15

. S., H. Woracek Termination in convex sets of distributions CALCQO’17

A
B
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A. Silva, A. S. Sound and complete axiomatisation of trace semantics for probabilistic systems MFPS’11
B
A
A
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Bonchi, A. Silva, A. S. The power of convex algebras CONCUR’17
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Modelling discrete probabilistic

systems

Probability distribution functor on Sets

~

-

DX = {u: X = [0,1] ] ), u(x) = 1}

reX

~

_J

for f: X —-Y wehave Df: DX —- DY Dby
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Modelling discrete probabillistic
systems

Probability distribution functor on Sets

(- A

DX = {u: X = [0,1] | ), u(x) = 1}

— )

and Its variants

- )

DX = {p: X = [0,1] | > plz) <1}

L reX )
a )
DX = {p: X - [0,1]| ), p(z) = 1,supp(u) is finite}
L re X )
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Modelling discrete probabillistic
systems

Almost all known probabillistic systems can be
modelled as coalgebras on Sets for functors
given by the following grammar:

Fi=—|A|D|P|FA|F+F|FoF|FxF

In all cases concrete and coalgebraic

bisimilarity (and behavioural equivalence)
coincide
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Generative PTS

lifts to KI(D)
via a distributive law
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we recently generalised this
to PA 100

Traces via dete v

Generative PTS
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trace = bisimilarity after
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The quest for completeness

Inspired lots of new research:

 A.S., H. Woracek Congruences of convex algebras JPAA15

e S. Milius Proper functors CALCO’17
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The quest for completeness

Inspired lots of new research:

 A.S., H. Woracek Congruences of convex algebras JPAA15

f.o. =1.Q.
for (positive)
e S. Milius Proper functors CALCO’17 convex algebras

B pi =t giand

our axiomatisation would
be proven complete if

only one particular then completeness

functor G on EM(D)
were proper

does not hold
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Proper functors

A functor F on an algebraic category is proper, it

e for any two F-coalgebras with free t.g. carriers
e for any two points x in TX, y in TY with n(x) ~ n(y)

—FTXand TY — FTY

there is a zigzag of F-coalgebras with free t.g. carriers that relates x and y

extends the notion of a
proper semiring of

Esik and Maletti

a semiring
S is proper iff S x (-)
IS proper '
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® any Noetherian semiring Is proper, hence Z, R are proper

| ® N is proper
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Proper functors
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e N |s proper

e R+ |S proper

¢ [0,1] x (-)A is proper on PCA
- y

Ana Sokolova PRrsiZsurs IFIPWG 1.3, Berlin 4-9-17



Proper functors

e N |s proper
® R+ |s proper

C [0,1] x (-)A Is proper on PCA

via “scalar extensions”
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Proper functors
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® R+ S proper via “scalar extensions”

¢ [0,1] x (-)A is proper on PCA
- extension to R x (-)
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Proper functors

In all cases one span

extension to Z suffices
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® R+ S proper via “scalar extensions”

¢ [0,1] x (-)A is proper on PCA
- extension to R x (-)

Ana Sokolova PRrsiZsurs IFIPWG 1.3, Berlin 4-9-17



Proper functors

In all cases one span

extension to Z suffices

e N |s proper
extension to R

® R+ S proper via “scalar extensions”

¢ [0,1] x (-)A is proper on PCA
- extension to R x (-)

® (G on PCA is proper ]

Ana Sokolova PRrsiZsurs IFIPWG 1.3, Berlin 4-9-17



Proper functors

In all cases one span

extension to Z suffices

e N |s proper
extension to R

® R+ S proper via “scalar extensions”

¢ [0,1] x (-)A is proper on PCA
\- extension to R x (-)

ViER LI R EE
point theorem

® (G on PCA is proper

Ana Sokolova PRrsiZsurs IFIPWG 1.3, Berlin 4-9-17



Proper functors

In all cases one span

extension to Z suffices

e N |s proper
extension to R

® R+ S proper via “scalar extensions”

¢ [0,1] x (-)A is proper on PCA
\- extension to R x (-)

ViER LI R EE
point theorem

® G on PCA is proper _ |
here a zigzag is needed o

Ana Sokolova PRrsiZsurs IFIPWG 1.3, Berlin 4-9-17



Proper functors
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e convexity matters for various results in
semantics / analysis of probabilistic systems

e Taking a general approach pays off
_ J
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