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Bisimulation, behavioral equivalence,
simulation, ...

These all come with greatest fixed point
flavors... why?



Least, greatest and alternating fixed
points: a foundational view [popL 16

Buechi and parity acceptance
conditions in coalgebras [concuRr’16]

Categorical ranking functions by
corecursive algebras [Lics’17]



Invariant vs.
Ranking Function

T 7 \ A linear Kripke structure:
° ! succ: X —- X, [p|]CX

W’

* Gp (everywhere p)is a gfp  vu.p A Xu

\

* the greatest solution of u=p A Xu

* Fp (eventually p) is an Ifp  pu.p Vv Xu

* the least solution of uw=pV Xu
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T 7 \ A linear Kripke structure:
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IC|Gp]

Lem. (witnessing Fp = pu. (p V Xu))
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invariant
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= Then rk(x) # & implies x € [F p].
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Lem. (witnessing Gp = vu. (p A Xu))

I C [p] x €I = succ(x) € 1
IC|Gp]

Lem. (witnessing Fp = pu. (p vV Xu))
Let rk: X — w II {#} be such that

rk(z) =n A x & [p]
—> rk(succ(z)) <n-—1.

Then rk(x) # & implies x € [F p].

How come the difference?
-» Let us take a foundational view...



Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)

o nf = LCf(L)C---Cfo)C---
min{l € L | f(I) C 1}  stabilizes, and converges to pf

* v = TJFT) I T f(T) I

max{l € L |l C f(l)} stabilizes, and converges to v f

L — ———————
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L: complete lattice, f: L — L monotone

Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)
o uf = LCF(L) T C (L) T
min{l € L | f(I) C [} stabilizes, and converges to u f
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pf L1
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max{l € L |l C f(lI)} stabilizes, and converges to v f
LT f(1)
— —
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Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

- Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)
o uf = LEFL)E-+C (L) C---
min{l € L | f(I) C [} Staz)lhzes and converges to
f) £ — |
pf L1
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Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

- Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)
o uf = LEFL)E-+C (L) C---
min{l € L | f(I) C [} stabilizes, and converges to
- /
N f(l)_: ! \ fa(J_) — uf (Vo € Ord)
l’l’f — [ —-— I
* v = T 3 F(T) 2 -+ 2 f<(T) 3 -

max{l € L |l C f(l)} Stabilize and converges to v f

|

WfC Fo(T) (Ya €Ord)

p—

——

Sound approx. FromHasul?'mYO)




Proof Methods for
Unnested Fixed Points

T 7 \ A linear Kripke structure:
° ! succ: X — X, [[p]]CX

e

\

"' “I C P /\ XI”

Lem. (Wltnessmg G p = vu. (p N X u))

I j [[p]] zel = succ(:c) € I
S IC[Gp]
S — e ———— |

Lem. (invariants witness gfp’s)
Let f: 2% — 2% be monotone, and I € 2%.

IC f{I)

I C vu. f(u)
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Proof Methods for
Unnested Fixed Points

T 7 \ A linear Kripke structure:
° ! succ: X —- X, [p|]CX

e B

\

Lem. (witnessing Fp = pu. (p vV Xu))
Let rk: X — w IT {#} be such that

rk(z) =n A x & [p]
—> rk(succ(xz)) <n—1.

Lem. (witnessing 1fp’s)
Let f: 2% — 2% be monotone.

Then rk(x) # & implies x € [F p]. IfUg C Uy C ... C X satisfies

9

then U,, C pu. f(u) for each n.
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safety, gfp invariants
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properties witnessed by...

safety, gfp invariants

liveness, lfp| ranking functions

winning strategies

for a parity game

nested, (if finitary)
alternating

gfps & Ifps




The Parit

-Game Workflow

MC, satisfiability,
Your Problem synthesis, ... | Solution

;encode f
Winner &
Parity Game ﬁ
Y J

urdzinskis© Winning Strategy
algorithm
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The Parity-Game Workﬂow

MC, saﬂsﬁ ablll’ry

Your Problem < w/auin o Solution

;encode f
Winner &
Parity Game |
: Jﬁ

urdzinskis Winning S'I'ra'l'egy
algorithm

* In parity games:

* alt. branching (v vs 3, A vs V)

* parity acceptance cond.
= alt. betw. u and v vasu0 (ok00)



Jurdzinskis Progress Measure
for Parity Games: Intuitions

n
oal: “visit bigger even

o e

You Win

1%1%1
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n
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godk: S

You Win
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Jurdzinskis Progress Measure
Intuitions

= N

A

>+ your pos\hon
0+ opponents
oal: “visit bigger ever’

e
1

310

0 0

% L
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Jurdzinskis Progress Measure
Intuitions O your posifion

0 opponen’r's "
oal: “visit bigger even

b

2 1
310 310

1 1 0

- O

how many 15 will be visited

| (before visiting 2, a bigger even) |
| SR B ¢ T (VT N @ 1o] 4Y/0)



o o our pos\’r\or\
Jurdzinski’s Progress Me . ponents

n’
oal: “visit bigger eve

Intuitions g

(e JES.N

- O

™ how many 1s will be visited ,
| (before visiting 2, a bigger even) (
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o o our POSV\'\On
Jurdzinski’s Progress Me . ponents

yisit bigger even

Intuitions iR
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o o our POSV\'\On
Jurdzinski’s Progress Me . ponents

yisit bigger even

Intuitions goal: VW T

—

2
3 0 3

1
0

1 1 0

™ how many 1s will be visited _
. (before visiting 2, a bigger even) |




o o our pos\’r\or\
Jurdzinski’s Progress Me . ponents

yisit bigger ever

Intuitions e
2 1
10 AN

™ how many 1s will be visited
| (before visiting 2, a bigger even)
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Jurdzinskis Progress Measure

Deﬁ ni'l'iOﬂ (Assuming priorities are O, 1, ..., 6)
8453
* A prioritized ordinal is «3 (each «; is an ordinal)
1
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Jurdzinskis Progress Measure

Deﬁ ni'l'ion (Assuming priorities are O, 1, ..., 6)
8453
* A prioritized ordinal is «3 (each «; is an ordinal)
1

* foreachi=0,1,...,6,
the i-th truncated lexicographic order

Qs Bs is defined by
az i Ps * the lexicographic order
1 B * after truncating oy, ; for all j <1
* examples: 7 8 2 2
142 =; 0 -

63 0 6{3 I-leuo&\fgkyo)



Jurdzinskis Progress Measure

Definition

* A progress measure is an assignment like

such that

5

A

(Assuming priorities are O, 1, ..., 6)

5

5
Y3

71
Bs
3

B
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Jurdzinskis Progress Measure

Definition

(Assuming priorities are O, 1, ...

* A progress measure is an assignment like

5

==muas,
1 1
such that
1843 Bs
Qs a3 > ,83 (lf’L 1S Odd)
(8 41 o /6
Har = Gl
(843 Bs
asg —; PBs (if ¢ is even)
851 B

, 6)

V5
73
3 71
1 3 1|03
/61 51
1875 Bs
ag >; B3 (if 2 is odd)
O aq B1
L i1 |—> Ve
o3 1 873 Bs
ag >=; Bz (if ¢ is even)
Qi B1




properties witnessed by...

safety, gfp invariants

liveness, lfp| ranking functions

progress measure

for a parity game
nested, [Jurdzinski]

alternating
gfps & Ifps




properties

safety, gfp

witnhessed by...

invariants

liveness, lfp| ranking functions
progress measure
for a parity game
nested, [Jurdzinski]
alternating

gfps & Ifps

lattice-theoretic
progress measure



The Table

properties witnessed by...

safety, gfp invariants

liveness, lfp| ranking functions

progress measure Erito
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lattice-theoretic
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properties

safety, gfp

The Table

Knaster-

witnessed by... |

invariants

liveness, lfp| ranking functions
progress measure P
ted for a parity game algorithmic
nested, [Jurdzinski]
alternating

gfps & Ifps

lattice-theoretic

roaressS measure ] ,
PTog infinite,

(Our first main contrib.) symbolic,

logical



Syntax: Equational Systems

[Arnold & Niwinski ‘01], [Cleaveland, Klein & Steffen, CAV'92], ...

Def. An equational system over a complete lattice L is

Uy =—n, fl(ulv . o °7um)9

Um =1, fm(ula s ooy um)
where

e f1i,...,fm: L™ — L are monotone, and

® MNiy---yNm € {“9V}°

Hasuo (Tokyo)



Svyntax: Eauational Systems

Def. An equational system over a complete lattice L is

Uy =, fl(ula R 9um)9
Um =n,, fm(ula c ey um)
where
e fi,..., fm: L™ — L are monotone, and

'771’°°°777m€{“7’/}°
U1 =, fl(ulv Uz), //
U2 —p fZ(ula Uz) vuz. fo (Hul fl(ulv Uz)a Uz)
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Svyntax: Eauational Systems

Def. An equational system over a complete lattice L is

Uy =, fl(ula c o 9um)9
Um =n,, Fm(U1y ..o stUm
7 ) solved first
where
® fi,.-.s fm: L™ — L are monotone, and 4

The order matters!
et et ; Hasuo (Tokyo)



A lattice-theoretic generalization of
Jurdzinski’s progress measure,

in the spirit of
Lem. (invariants witness gfp’s)
Let f: 2% — 2% be monotone, and I € 2%.

IC f(I)

I C vu. f(u) Lem. (witnessing lfp’s)
; Let f: 2% — 2% be monotone.
IfUg CU; C ... C X satisfies

UO — @ and Un—|—1 g f(Un) ’

then U,, C pu. f(u) for each n.




Fixed Points in Coalgebras
Other Than Greatest

* Relevant to the
grand challenges
in the theory of coalgebras

- Rlisled et o

* Weak (bi)simulation: F%@——— FSait
ignore finitely many X e R ¥
r-transitions ¢ Stmaltiom
T Hoasus . CatCOR '0p7)
(~ recurrence, e
GF(imitate)) R
N T
| : X é’? hY X —— X
* Buechi & parity Corord)  Ceodemedl)
acceptance: e—

recurrence & much more
26 Hasuo (NIl, Tokyo)



... how to model ranking function-like
constructs categorically?

TwO answers:

Buechi & parity acceptance
by equational systems [CONCUR’16, LMCS’17]

Categorical ranking functions
by corecursive algebras [LICS’17]

Underlying:
lattice-theoretic progress measures as
witnesses for alternating fixed points [POPL’16)



Least, greatest and alternating fixed
points: a foundational view [popL 16

Buechi and parity acceptance
conditions in coalgebras [concuRr’16]

Categorical ranking functions by
corecursive algebras [Lics’17]



Least, greatest and alternating fixed
points: a foundational view [popL 16

Buechi and parity acceptance
conditions in coalgebras [concuRr’16]

Categorical ranking functions by
corecursive algebras [Lics’17]



Final Coalgebra in Kleisli Category

[Power & Turi, CTCS '99], [Hasuo, Jacobs & Sokolova, LMCS ’07]

Nondeterministic Automaton

A= (X,X,4d,Acc)
where 0 C X X X X X

Natsuki Urabe (U. Tokyo)

in Sets
FX
X
where F=PHv}+ 32 x (L))
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Final Coalgebra in Kleisli Category

[Power & Turi, CTCS '99], [Hasuo, Jacobs & Sokolova, LMCS ’07]

—— in Sets
Fx TON) gy
Nondeterministic Automaton » TC — ﬁ(
A= (X, 3, d,Acc) beh(c)
X > Z
where 0 C X X X X X
where F=PHv}+ 32 x (L))

+ P is a monad » Kleisli category 1C¢(P)
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F'X -—-+4-">F'A
f: X+Y in KL(P) }ALC _ % b
f: X —PY in Sets x_ ") A=

where F/ :={v}+XZ x ()
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Recap: Kleisli Approach to
Coalgebraic Linear-Time Semantics
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Recap: Kleisli Approach to
Coalgebraic Linear-Time Semantics

* [Hasuo, Jacobs, Sokolova, LMCS ’07]

30 Hasuo (NIl, Tokyo)



[Hasuo, Jacobs, Sokolova, LMCS ’07]
Assume a monad T on Sets is “cpo-enriched”

(KI(T) is Cpo_bot-enriched, composition is
left-strict, ...)



[Hasuo, Jacobs, Sokolova, LMCS ’07]
Assume a monad T on Sets is “cpo-enriched”

(KI(T) is Cpo_bot-enriched, composition is
left-strict, ...)

Then

an initial F-algebra in Sets
=» an initial F’-algebra in KI(T)
=» a final F’-coalgebra in KI(T)

The last arrow is like [Smyth & Plotkin ’82]



Finite Trace Semantics

in KC¢(P)
, F’(tr(c)) ,
FX--A-=ha tr(c) : X+ X7 in ICL(P)
% — ZII% final

tr(c) tr(c) : X = PXYX* In Sets

x- -l _La=x"

Natsuki Urabe (U. Tokyo) 31/29



Finite Trace Semantics

in 1IC4(P)

Lo Frtr(e))
FX--A-=ha tr(c) : X+ X7 in ICE(P)
% — ZII% final

tr(c) : X — PX™ in Sets

x- - A=

Thm: \
L tr(c) characterizes finite trace L(.A)

J

Def. ~ Example:

For A = (X, X, 4, Acc), A o b

finite trace semantics O b O
L(A)(z) = G 9O

ao

{ ago Ap_1 | L = Tog —

€ X’ 3 2. € Acc N
\ n ) \L(A) (fL'()) — a bb)
Natsuki Urabe (U. Tokyo) 31/29




Extension to Various Systems

in ICL(P) F(H(C))

F'X -—-+4-">F'A
A A .
c — Al+¢? final where
,.—
x t(l)——>A:E* F':={v}+3Xx ()

F={v}+XZx()

T =P

Natsuki Urabe (U. Tokyo) 32/29



Extension to Various Systems

in IC6(P F’(tr(c

NP prx TGO, iy
A A .
c — Al+¢? final where

¥ tr(lc)——>A:2* [F' = {v'} EX(_)]

F'={v}+3Zx () * F'=1[;%: x (L)'
(polynomial functor)
- Words to Trees

T ="

Natsuki Urabe (U. Tokyo) 32/29



Extension to Various Systems
In a

rx T g
A A .
c — Al+¢? final where

x tr(|C)——>A o [F' = {v'} EX(_)]

F'={}+Ex () wWp F=]x ()
(polynomial functor)
- Words to Trees

- T =P » T = g (the sub-Giry monad)
- Nondeterministic to (generative) Probabilistic

Natsuki Urabe (U. Tokyo) 32/29



Coalgebraic Finite Trace Semantics

Finite Trace
L(A)(x) :=
<fa0,,,an_1 T =Ty —> ... \> F={/}+X2Zx ()
E 2* A —1 .
\ — @y, € Acc, F(tr(c)) in ICL(P)
FX -—-—+4—->F»™
Example: A p  final
a b c = Al ¢
8_b>@ L(A) = a™bb” x - -1 e
Lo L1 unique
St
Thm: \

L tr(c) characterizes finite trace L(.A)

Natsuki Urabe (U. Tokyo) 33/29



Coalgebraic Infinitary Trace Semantics

Infinitary Trace

L°°(A)(£L‘) = L(A)(z)

a,oa,l r — I —) 1
U < w a >
> @
Example:
&, Q) e
Q b a*bb™

Lo L1 —|—a,w —|— a*bw

Natsuki Urabe (U. Tokyo)

[Jacobs, '04]
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Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={v}+Xx ()
L“(A)(w) = L(A)(x)
KCE(P)
a,oa,l L — Lo _> L1
- c v LT ' FX
’ A
Example: 1S
a b LOO(A)(:I;O p— X
8 b ) a*bb”*
o 1 +a® 4 a™b”

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={v}+Xx ()
L°°(A)(:v) = L(A)(x)
KCE(P)
a,oa,l T = To —> T1
U < c v ﬂ) o > F X Y™
) A A
Example: TC Al 1¢’
a > L= (A) () = *
8%” - a*bb* . =
o 1 +a” + a*b”
——————————T

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={v}+Xx ()
L°°(A)(:v) = L(A)(x) |
KL(P) in Sets
a,Oa,l r — I —) 1
U < c W ﬂ> o ’ FX FEOO
\ / A AMinal
Example: TC | ¢
a b LOO (A) (a’;o p— X o%e)
8 b ) a®*bb”™ EI?
5 X*uU X«

4 oy L1 —|—a,w —|— a*bw
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Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={v}+Xx ()
L°°(A)(:v) = L(A)(x)
KCE(P)
a,oa,l T = To —> T
- 62“’ ﬂ>...> FX FEA:OO
’ A
Example: Tc Al¢’
2 b Loo (A) (:L'o — o.®)
8%” - a*bb* . =
o 1 +a® 4 a™b”
——————————T

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={/}+3Zx ()
L°°(A)(:v) = L(A)(z)
KE(P)
U a,oa,l r — I —) 1 > FEOO
\ ezw - FXX + weakly
Example: +c dl+¢ final
a b LOO(A)(.’L'O —

X o0
- b - a*bb™ >
Lo L1 —|—a,w —|— a*bw

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]

Infinitary Trace F={/}+3Zx ()
L™= (A)(z) := L(A)(z)
r ao ICE(P)
U aopaq . . . r — g — I > f(troo (C))FEOO
\ EZW &...) F}.\X\/\/\*\/\& Aweakly
Example: +c dl+¢ final
. - LT (A) () = X~ e
ety ame =

Lo L1 —|—a,w —|— a*bw

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]

Infinitary Trace F={/}+3Zx ()
L*=(A)(x) := L(A)(x)
r ao v KL(P)
U aopaq ... r = g — X1 > F(troo (C))FEOO
\ EZW &...) F}.\X\/\/\*\/\& Aweakly
Example: +c —p  A+¢final
& O A= X~ 100
() —2—= a”bb greatest

Lo L1 —|—a,w —|— a*bw

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={/}+3Zx ()
L*(A)(x) := L(A)(x)
r ao v KL(P)
U aopaq ... r = g — X1 > F(troo (C))FEOO
\ EZW &...) F}.\X\/\/\*\/\& Aweakly
Example: +c —p  A+¢final
&, O X~ o0
() —2—= a”bb greatest

Lo 1 +a® + a™b* f: XX in KL(P) \
f:X—)PEooinSetS)

Natsuki Urabe (U. Tokyo) 34 /29



Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={/}+3Zx ()
L*(A)(x) := L(A)(x)
r ao v KL(P)
U aopaq ... r = g — X1 > f(troo (C))FEOO
\ EZW ﬂ)°'°) F}.\X\/\/\*\/\& Aweakly
Example: +c —p  A+¢final
&, O X~ o0
() —2—= a”bb greatest

Lo 1 +a® + a™b* | f: XX in KL(P) \

f: X — PX° in Sets
Thm: \ g

L tr°(c) characterizes infinitary trace L°°(.A)
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Coalgebraic Infinitary Trace Semantics

[Jacobs, '04]
Infinitary Trace F={/}+3Zx ()
L*(A)(x) := L(A)(x)
r ao v KL(P)
U aopaq ... r = g — X1 > f(troo (C))FEOO
\ EZW &...) F}.\X\/\/\*\/\& Aweakly
Example: +c —p  A+¢final
&, O X~ o0
() —2—= a”bb greatest

f: X — PX° in Sets
Thm: \ g

L tr°(c) characterizes infinitary trace L°°(.A)

=P Leave finality!

Lo 1 +a® + a™b* | f: XX in KL(P) \

Natsuki Urabe (U. Tokyo) 34 /29



Summary

-+ Coalgebra is a model for state-based dynamics

Final coalgebra captures the behavior

F(beh(c))

FX— ———> pgz
Tc once) zuTc final in Sets
X-—-—-—->Z

For nondet. & prob. automata,

- the final coalgebra (coming from init. alg. in Sets) in the
Kleisli category captures the finite trace semantics

a weakly final coalgebra (a final coalg. in Sets) in the
Kleisli category captures the infinitary trace semantics

F(tr(c F tre° (c))
Fx -0 ps Fx 280D pse

final _ weakly _
C — ¢ c L dl4¢’ flnal IN ’CE(P)

tr(c) tr° (c)
Natsuki Urabe (U. Tokyo) 35/29



Buchi Automaton A = (X, X, 9, Acc)
Def.

, A
X :state space  XJ: alphabet
d: X — P(X x X) :transition relation
Acc C X :accepting states
Blchi language LP(A) : X — P(Z%)
LB(A) (@) =y 0 DL T e T
_ € ™| s.t. x € Acc for inf. many k’s
Example ~

C O/\@Q

L7(A)(xo)

= < W

\

w contalns

infinitely many b’s

NatsuKki Urabe (U. Tokyo)
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Parity Automaton A = (X, %, 4, p)

Def.

, )
X :state space X : alphabet
0 : X — P(X x X) :transition relation
p: X — {1,...,2n} : priority function
parity language LP(A) : X — P(X“)
) aoas ... |@=w0 2% 21 ...
L (A) (w) «— E Zw S.t. lim Sup p(a’}k) iS cvell
\ k— oo )
Example:
, )
A LP(A) (1)
X b x c X .
@A —\ w contains
UYUYU = w infinitely many b’s, but
p only finitely many ¢’s
N b - J

Natsuki Urabe (U. Tokyo)

37 /29



Difficulty

Theory of coalgebra is centered around homomorphisms
~ stepwise correspondence

FX<-" pr ™ _py xR vy  Fx T pa
T T2 I g tr(c) <
X R ' % X E Y x__ "9 _4_%

Natsuki Urabe (U. Tokyo) 38/29



Difficulty

Theory of coalgebra is centered around homomorphisms
~ stepwise correspondence

rx<"" rrR- . ry rx_ T _prr ¥ py Ex_ "D pa
e CE N P C N CERE PR SR
X < T2 X ! E J Y x_ " A

R Y
» Local

Natsuki Urabe (U. Tokyo) 38/29



Difficulty

Theory of coalgebra is centered around homomorphisms
~ stepwise correspondence

Ff Fg F(tr(c))
_}

FX FR FY FX-—32-FA
TC — = Te = Td %c = %C’
X - ! E J Y x_ " A

Blchi/parity acceptance condition considers infinite behaviors
“Visit Acc infinitely many times”

“Maximum infinitely visited priority is even”

Natsuki Urabe (U. Tokyo) 38/29



Difficulty

- Theory of coalgebra is centered around homomorphisms
~ stepwise correspondence

Fx <™ Fr rr< T py px T pa
[ T T
X - ! E J Y x_ " A

Blchi/parity acceptance condition considers infinite behaviors
“Visit Acc infinitely many times”

“Maximum infinitely visited priority is even”

» Nonlocal
)

Natsuki Urabe (U. Tokyo 38/ 29



Least Homomorphism?

FX — 4 ->|FX*
A A

Unique Homomorphism Qreatest Homomorphism

N N

L(A) € P(Z*)* L>(A) € P(E*)"

Natsuki Urabe (U. Tokyo) 39/29



Least Homomorphism?

-

Unique Homomorphism

F(u) 3\
FX - S3YFxs
A A

N

L(A) € P(Z*)*

Finite Trace

Natsuki Urabe (U. Tokyo)

Least Homomorphism

J

/

Qreatest Homomorphism

N

L>®(A) € P(Z>)*

Infinitary Trace

39/29



Least Homomorphism?

-

Unique Homomorphism

F(u) 3\
FX - S3YFxs
A A

N

Least Homomorphism

J

/

p

L(A) € P(Z*)*

Finite Trace

Natsuki Urabe (U. Tokyo)

Qreatest Homomorphism

N

L>®(A) € P(Z>)*

Infinitary Trace

39/29



Between the Least and Greatest

Least Homomorphism

-

/

p

L(A) € P(Z*)*

Finite Trace

Natsuki Urabe (U. Tokyo)

/ —
F(u) —
FX ~ A+ =[FX
A A

c—+

Qreatest Homomorphism

N

L>®(A) € P(Z>)*

Infinitary Trace

40/ 29



Between the Least and Greatest

4 )

F(u) oo
FX ~—~A-Ss=F>
A A

et ¢

), E RN - 3 [

4 _ )

F'(u) .
FX ~—~+-= FY
A A

CT =, C

Xi —— 5~ 3o

Least Homomorphism

- /

N

Qreatest Homomorphism

/

N

L(A) € P(Z*)*

Finite Trace

L>®(A) € P(Z>)*

Infinitary Trace

Natsuki Urabe (U. Tokyo)
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Between the Least and Greatest

4 )

F(u) oo
FX ~—~A-Ss=F>
A A

et ¢

), E RN - 3 [

Least Homomorphism

- /

N

4 _ )

F(u) o
FX ~—~A~> F3;
A A

CT ==y C

Xi —— 5~ 3o

Qreatest Homomorphism

/

N

L(A) € P(Z*)*

Finite Trace

(No infinite word)

Natsuki Urabe (U. Tokyo)

L>®(A) € P(Z>)*

Infinitary Trace

(All infinite words)
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Between the Least and Greatest

4 )

F(u) oo
FX ~—~A-Ss=F>
A A

et ¢

), E RN - 3 [

Least Homomorphism

- /

N

4 _ )

F(u) o
FX ~—~A~> F3;
A A

c+

==y C

Xi —— 5~ 3o

Qreatest Homomorphism

/

N

L(A) € P(Z*)*

Finite Trace

(No infinite word)

Natsuki Urabe (U. Tokyo)

LP(A) € P(Z¥)*
Parity Language

Accepted infinite words

L>®(A) € P(Z>)*

Infinitary Trace

(All infinite words)
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Between the Least and Greatest

/ 2
F(u) -
FX A< = FY
A A

et ¢

), E RN - 3 [

Least Homomorphism

- /

N

Intermediate

h____

/ 2
F(u) -
FX ~4<= FX
A A

c+

==y C

Xi —— 5~ 3o

Qreatest Homomorphism

/

N

L(A) € P(Z*)*

Finite Trace

(No infinite word)

Natsuki Urabe (U. Tokyo)

LP(A) € P(Z¥)*
Parity Language

L>®(A) € P(Z>)*

Infinitary Trace

Accepted infinite words

(All infinite words)

40/ 29



Coalgebraic Modeling of Parity Automaton

parity automaton A = (X, X, 4, p) ;

c : X+XY x Xin Ké(P) and
X=X+ 4+ Xon,

Xi = p_l(’i)

Natsuki Urabe (U. Tokyo) 41/ 29



Coalgebraic Modeling of Parity Automaton

parity automaton A = (X, X, 4, p) ;

c : X+XY x Xin Ké(P) and
X=X+ 4+ Xon,

Xi = p_l(’i)
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Coalgebraic Modeling of Parity Automaton

parity automaton A = (X, X, 4, p) |

c : X+XY x Xin Ké(P) and
X = X1+ + Xan

Xi e = p_l(’i)

F([ul,...,’U,zn])
FX ~—A~= F>

Dk

U227,

Natsuki Urabe (U. Tokyo) 41/ 29



Coalgebraic Modeling of Parity Automaton

parity automaton A = (X, X, 4, p) |

c : X+XY x Xin Ké(P) and

F([ul,...,U2n]) F([’U,]_,...,’U,zn]) F([u17“'9u2n])
FX ~—~A~>FY* FX ~A~>= F>* FX ~—A~=F>X

A
S e zn% 04 — zu%; czf,% — zn%

u

U2n

Natsuki Urabe (U. Tokyo) 41/ 29



Coalgebraic Modeling of Parity Automaton

parity automaton A = (X, X, 4, p) |

c: XX x Xin KeP)

/
C1

F([u1,..ytu2n]) F([u1,...,uz2n])
FX ~—~~=F¥¥ FX ~A~> F3%

\
- — le%; c% = zu%

and

F([ul,...,’U,zn])
FX ~—A~= F>

02fn$ —y %C

u Uon,

Natsuki

Urabe (U. Tokyo)

41/ 29



Solution of System of Diagrams

F([ul,...,uzn]) F([ulaﬂ-au2n]) F([u'la'"au?n])
FX ~—A~~ F>Y¥ FX ~A~= F>“ FIX«/\»MFE\]“’
y y
c% — ZII%; c% —v zu% CanT = A<

u

U2n

Natsuki Urabe (U. Tokyo) 42 [ 29



Solution of System of Diagrams

F([ui,...,u2n]) F([u1,...,u2n])
FX ~—A~= FY* FX ~—~—A~> F>*

/\

X{ e T

Ci: T

c% — i ZII%; ) ci —u 7||¢r

F([’u,l,...,ui—laui au'i—|—1 9°°°9u2’n])

FX ~A~s F>*
A A

—m

-

K

X; e W

Natsuki Urabe (U. Tokyo)

4229



Solution of System of Diagrams

F([ui,...,u2n]) F([u1,...,u2n])
FX ~—A~> FY¥ FX ~—A~= F>3% FX ~—A~= F>“

A A
cl$ :p, 2l %C ) Co¢ — 2l ﬁ/‘ /\ L C2nT —y dlT¢

F([ul,...,ui—laui au'i—|—1 9°°°9u2’n])

X s T
! FX A~ FX¥ ,
A A

CiT :77 ZII__C

X; e W

- We solve from the left to the right

Natsuki Urabe (U. Tokyo) 42 [ 29



Solution of System of Diagrams

F([ui,...,u2n]) F([u1,...,u2n])
FX ~—A~> FY¥ FX ~—A~= F>3% FX ~—A~= F>“

A A
cl$ :p, 2l %C ) Co¢ — 2l ﬁ/‘ /\ L C2nT —y dlT¢

F([ul,...,’Uui,—l9u'z’,aui—|—19"°9u2’n])
FX ~A~> F>% y

A A
it =, Ut

X{ e T

X; e W

- We solve from the left to the right

To solve the i'th diagram,
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Solution of System of Diagrams

F([ui,...,u2n]) F([u1,...,u2n])

FX ~—A~~ F>Y¥ FX ~—A~~ F>Y“ FX ~—~A~= FX¥“

A A
cl$ :p, 2l %C ) Co¢ — 2l ﬁ/‘ /\ L C2nT —y dlT¢

n . . . U2
Xl fWE«IL}\fWEw . F(‘ul,...,u,,,_l}uz,uz_|_1,...,u2n]) X2n ,\/\/%Mzw

~~Af~ss Y ,
A A

CiT :77 ZII__C

X; e W

- We solve from the left to the right

To solve the i'th diagram,
substitute wi1,...,u;—1 by the solutions

Natsuki Urabe (U. Tokyo) 42 [ 29



Solution of System of Diagrams

F([u1y.-.r,uzn]) F([u1y.yu2n])
FX ~—~—A~~ F>Y¥ FXMMFZ“’ FX ~—A~= F>X“

A A
c% — W ZII$¢ — 7||:t /\ _C2nT =, AU+¢

Cf)
U2n
Xl M/3.|L»1\/v> yw | F(‘ula U4 — 1’“13&14—19 9u2n!') X2n W\/%M W
ﬁ

at =y e

X; e W

We solve from the left to the right

To solve the i'th diagram,
substitute wi1,...,u;—1 by the solutions
regard Wi+1, ..., U2n as parameters

Natsuki Urabe (U. Tokyo) 42 [ 29



Solution of System of Diagrams

F([ula 9u2n])

F([ula 9u2n])
FX ~—A~> FY¥ FXMMFZ“’ FX ~—A~= F>“

A A
c% — W ZII$¢ — 7||:t /\ _C2nT =, AU+¢

Cf)
F U2n
Xl M/3.|L»1\/v> yw | (‘ula U4 — 1’“13&14—19 9u2n!') X2n W\/%M W
ﬁ

at =y e

X; e W

- We solve from the left to the right

To solve the i'th diagram,
substitute wi1,...,u;—1 by the solutions
regard Wi+1, ..., U2n as parameters

- C.f. [Cleaveland et al., CAV "92], [Arnold & Niwinski, '01]

Natsuki Urabe (U. Tokyo) 42 [ 29



“Sanity-check Result”

Thm: ~
For a parity automaton A = (X, X, §, p), we define

c: X+ XX X in IC(P)and X1+ -+ X2, = X by
c=40 and X; :=p (3

Let u$°, ..., u* be the solution of the following system.
F([u1ye..,uz2n]) F([u1,.-estu2n]) F([u1,..-ytu2n])
FX ~—A~~ F3* FX ~A~> F3% FX ~—A~~ F3*
Cl% —u ZI%C @% —v ZII$C ‘32”% —v J}C
leﬁb\&zw ’ szﬁiA/>2w o o o o o ZnW%ﬁWZw

Then we have:
1 1 _
[u:slo o e uZ‘H = LP(A)
Nats%ﬂmm;:w 7(3/ 29




Function ®.
P.: {f: X3 - {f: X3}

Ff

FX > 'Y
—> %: ZHJfo_l
x_ 1 .y X S

Natsuki Urabe (U. Tokyo) 44 [ 29



Function ®.
P.: {f: X3 - {f: X3}

Fx 7 Fyw
—> %: 2||$¢—1
x_ 1 .y X S

e

(- f is ahomomorphism <> f is a fixed point of &,
Fx ' Ty
%c — 2||$C f — (I)c(.f)

L x— 1 5w J

Natsuki Urabe (U. Tokyo) 44 [ 29



Function ®.

P.: {f:X»3 = {f: X»3Z¥]

FX - > Y
—> %: z%c—l
x_ 1 .y X S

W

(- f is ahomomorphism <> f is a fixed point of ®,
Fx W Fye
%,. — zn% f = ®(f)
I
. . y
Lm@Y @i, f
a b

Natsuki Urabe (U. Tokyo) 44 [ 29



Function ®.

P.: {f:X»3 = {f: X»3Z¥]

FX - > Y
—> %: z%c—l
x_ 1 .y X S

W

(- f is ahomomorphism <> f is a fixed point of ®,
Fx W Fye
%,. — zn% f = ®(f)
I
N | g
Lm@Y @i, f
a b

@ G,Ll U bLz (I)C(f)

Natsuki Urabe (U. Tokyo) 44 [ 29



Function ®.
P.: {(f: X532 o {f: X»35%)

Fx — 4 . Fye
|_> %c 2l ic—l
X ]f > ¢ X S w

T e

. f is ahomomorphism <> f is a fixed point of @,
Fx Ty
%ﬂ = zn% f = &.(f)
\_ X ! N ,
Cl_—z;f> ﬁl_]_;;: f
a b

(To—aLy UbLy| ®e(f)
- @ .is the one often denoted byQs : P(E¥)* — P(=«)*

Natsuki Urabe (U. Tokyo) 44 [ 29




Fixed Point Semantics for Parity Automaton

F([ulyo--a'U'Zn]) f([ul ..... u2n]) F([ul,...,'l,l,zn])
FX ~—A~~ FX* FX ~—A~= F>3“ FX ~—A~= FY“

L Y
I

X1~ %, szijiwgw o oo o o X o ~~ A T

Natsuki Urabe (U. Tokyo) 45/ 29



Fixed Point Semantics for Parity Automaton

F([ul ,,,,, ’Lbzn]) f([ul ..... u2n]) F([’ul ..... ’u,zn])
FX ~—A~~ FXY“ FX ~—~A~~ F>“ FX ~—A~= FY“
(I) % —p zn% % v zn% czr% =v ZII%
C

Xlwﬁwzw ° X2W\*|’V\/>Ew o o o o o XZn/\/y/%l‘ﬁ\&Ew

l Ui =pu <>5(:u1,u2,...,u2n:) \Xl EP(Ew)Xl
<>5 Uz —yp <>6(:u17u27°°'7u2n:) X5 EP(Ew)X2

U2n =—v <>5([u17u27°°'7u2n]) [ X, GP(Ew)in

Natsuki Urabe (U. Tokyo) 45/ 29



Equational System for Parity Automaton

Thm: N
The solution of the following equational system characterizes
parity language

ur =, Os([w1,uz, ... u2n]) Ix, e P(x¥)™
U2 —p <>5(:u19u27°°°7u2n:) er c P(Zw)X2
U2n —v <>6([U19 u27°°°9u2n]) [ X,., € P(Ew)x%’
G J
c.f. ~

L vus. (u/uq- (<>5U1 vV (F A <>5U2))) for Buchi
y

Natsuki Urabe (U. Tokyo) 46/ 29



Equational System for Parity Automaton

Thm: N
The solution of the following equational system characterizes
parity language

ur =, Os([w1,uz, ... u2n]) Ix, e P(x¥)™
U2 —p <>5(:u19u27°°°7u2n:) er c P(Zw)X2
U2n —v <>6([U19 u27°°°9u2n]) [ X,., € P(Ew)x%’
G J
c.f. ~

L vus. (u/uq- (<>5U1 vV (F A <>5U2))) for Buchi
y

([w, ..., udl] = LP(A))

Natsuki Urabe (U. Tokyo) 46/ 29




For Buchi Automata

- Blchi automaton is a special case of parity automaton

CBC B = -Cl D,

a
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For Buchi Automata

- Blchi automaton is a special case of parity automaton

OB B0 = -CBC_ B0,

- Coalgebraic trace semantics is given by two diagrams

F([uy,uz]) F([uy,uz])
FX ~—A~= F>*“ FX ~—A~= FY“
A A A A
c1T =p  T¢ CcaT =, dl+¢

X e T Xo s T

Natsuki Urabe (U. Tokyo) 47 | 29



Extension to Various Systems

- F=Yx () *F:Hizix(_)i

(polynomial functor)
- Words to Trees

- T = P * T — g (the sub-Giry monad)

- Nondeterministic to (generative) Probabilistic

Natsuki Urabe (U. Tokyo) 48/ 29



Depart from “unique homomorphism”
-» equational system

F([u1,uz]) F([u1,uz])

FX ~—A~= F>“ FX ~—A~= F>“
A A A A
c1+ =p T Co—t =, dl+¢
X1 e Fom W X P T

So what? = Coalgebraic fair simulations [LMCS’17]
Based on the Kleisli approach (KI(P), KI(D), ...)

Related work:

the Eilenberg-Moore approach
[Silva, Bonchi, Bonsangue, Rot, Rutten, ...]

Buechi modeled in Sets2 [Ciancia & Venema, CMCS’12]



Least, greatest and alternating fixed
points: a foundational view [popL 16

Buechi and parity acceptance
conditions in coalgebras [concuRr’16]

Categorical ranking functions by
corecursive algebras [Lics’17]



Motivation

ranking function
&
soundness theorem

nondeterministic
system
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soundness theorem

generalization \/

categorically
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Coalgebra-Algebra Homomorphism

Def: ~
A coalgebra-algebra homomorphism Y 7 po
fromec: X - FX to o : FQ) — () A
i1s a function f : X — Q s.t. - ; Va
o0 Ffoec = f X > () )

Flpo]e

- Especially, the least coalgebra-algebra F AX - Q)
homomorphism [¢o]c : X — € c = -
captures reachability of various systems < wale SVI

- Example: *
For nondeterministic sys Modality as an algebra
o: F{0,1} — {0,15.t. FO-0O

[po]e(xr) =1 & an acc (pred. lifting via Yoneda)

Natsuki Urabe (U. Tokyo)



Coalgebra-Algebra Homomorphism is Fixed Point
- We define ®., : Q* — Q* by

Ff

FX > F'Q)
X Y
Prop: o ~
FX > Q)
/ . .
c\ _ » < [ isa fixed point of @, ,
Y
\ X J > () Y

- It iIs known that reachability of various systems is
characterized as the least fixed point

reachability as the
least coalgebra-algebra homomorphism

Natsuki Urabe (U. Tokyo) 53/ 26



Categorical Ranking Function

Def: )
A ranking domain wrt. o : FQ — 2 is a triple
(r:FR— R, q: R— Q, Cr) s.t.

1. R is a complete lattice and ®. , 1S monotone
2. q 1s monotone, | -preserving and continuous
_ 3.gqor L oo Fq 4. r 1s corecursive y

Def: A
An arrow b : X — R 1s aranking arrow wrt.(r,q,Er) 1f:

bLrroFroc
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Corecursive Algebra

Def: )
An algebra r : FR — R is corecursive if for all
coalgebra ¢ : X — F X  acoalgebra-algebra
homomorphism from ¢ to 7 uniquely exists.

F(7r)c
FX---—s>FR
A
X——(@‘:—ﬂ!{
\__ ,

- It has been used to ensure productivity of general
structured corecursion [Capretta et al., SBMF ‘09]

- We use it to ensure termination

Natsuki Urabe (U. Tokyo) 56/ 26



Intuition behind Corecursiveness

Flpo]e
FX > F'()
- We want to
under-approximate the least fixed point ° o |
HO |c
X > ()

+ The definition of ranking domain { i, p(2/)+1 < b(x)
is “pre-fixed point like” za _

' it {over-approximates the least fixed point; or

under-approximates the greatest fixed point

~5

we collapse the least and the greatest fixed points
into one point
(i.e. unique coalgebra-algebra homomorphism)

Natsuki Urabe (U. Tokyo) 57/ 26



Categorical Soundness Theorem

Thm: (see e.g. [Floyd, PSAM ’67])

b is a ranking function —»>

1z | b(x) < oo}

C

{w

accepting states

reachable

~

i

~

Thm (soundness):

b is a ranking arrow

wrt. (’I“, q, ;R)

Natsuki Ur\amyb)

—

qob L [po].

56 | 26



Concretization

“categorical ranking function”
&
soundness theorem

categorically
generalized system

generalization

o

ranking function
&
soundness theorem

concretization

probabilisticC
ranking
function”?

probabilistic
automaton

nondeterministic
system

c: X -PX x{0,1} c: X ->DX x {0,1}

Natsuki Urabe (U. Tokyo) 59/ 26



Ran kl ng Supermartlngale [Chakarov et al., '13]

A method for checking almost-sure reachability on

probabilistic systems
Def: A

A function b : X — [0, 00] is aranking supermartingale if:

Z Prob(z — z') - b(z") +1 < b(x)

x’/c X

O O O
N/
L @ ﬂbitrary 1A > pa + gb + rc+1

accepting nonaccepting

Natsuki Urabe (U. Tokyo) 60/ 26



Ran kl ng Supermartlngale [Chakarov et al., '13]

A method for checking almost-sure reachability on
probabilistic systems

Def: ™

A function b : X — [0, 00] is aranking supermartingale if:

Z Prob(xz — z’) - b(z’) +1 < b(x)

/
— (B e J
O O¢ O
L @ ﬂbitrary 1A > pa + qgb + rc+1
accepting nonaccepting
Thm: N
b is a ranking supermartingale an accepting state
i P =1
and b(:l)) < OO g is reached
Natsuki\_ J/26




Problem and Next Step

-+ We couldn’t find a ranking domain (r,q,Cr) S.t.
b is a ranking arrow
WIT. (’l", q, ;R)

We decided to give up describing ranking
supermartingales

b is a ranking supermartingale <=>

- Instead, we found two ranking domains
for probabilistic systems

They induces new definitions of ranking

function for probabilistic systems
(to the best of our knowledge)

Natsuki Urabe (U. Tokyo) 61/26



Scaled Noncounting Ranking Supermartingale

Def: R
For ¥ € (0,1) afunction b: X — [0,1] isa 7 -scaled
noncounting ranking supermartingale if:

- Z Pr(x — ') - b(z’) > b(x)
\ x’cX J

By soundness of (categorical) ranking arrows,

Thm: N
an accepting state
b(z) < Pr( PHES )

1S reached from @

* Quantitative reasoning

Natsuki Urabe (U. Tokyo) 62/ 26



Summary: Categorical Ranking Functions
by Corecursive Algebras [Lics17

* Ranking function
= (invariant-like) inductive constraint
+ well-foundedness
= (co)algebraic simulation
+ corecursive algebra
(that refines truth values and modality)

FX > FR > F'Q)
A F'b Fq
c LI| T C o
X b Y q Y

* New proof method for probabilistic liveness
63 Hasuo (NIl, Tokyo)



Significance of fixed-points other than greatest
(“grand challenges™)

(Hierarchical) equational systems as syntax

Lattice-theoretic foundation:
Knaster-Tarski and Cousot-Cousot

Buechi & parity in the Kleisli approach:
departure from finality

Ranking function =
simulation with a corecursive algebra as its domain
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* ERATO Metamathematics for Systems Design
Project

* 85.5yrs (-2022.3),
10-15 postdocs & senior researchers

* Formal methods for cyber-physical systems
* ...vialogical & categorical metatheories

* with serious applications w/ manufacturers
(automotive) & autonomous driving project

(autonomoose in Waterloo, CAN)
66 Hasuo (NIl, Tokyo)
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Cyber-Physical
) Systems

* Qualitative
(yes/no)

* Discrete
dynamics

Specification . Verification Synthesis
~ * machine- . * proof of * goal-

| manipulatable | correctness directed

.; specifications = x potential (automatic) y

. % consistency | automation | search * Cont!nuous
check | physucal

| | dynamics

ﬁ

F | . * Quantitative
orma - concerns

Methods for s s,
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Heterogenizing SS, So Far

SS techniques new concerns

'---------- R

(While)

{AAb) Pi{A)} ' L
| 3t ‘(A)whilebPﬂA/\—'b) . '/
- program logic ! | dynamics
|

* Automata- .- o '* Probablllp @
theoretic '+ U +

|
: synthesis
|

I* Realtime .,

e/t " constraints vr'
* Specification by

temporal logics l* Energy i "
. L1 cabd

G(PDOFQ) Vo |*
[
‘ e T e T e £ 1 HEE et

* o 0 o eSS
68
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'---------- R

{AAb) Pi{A)} e ' L ' L
¥ .'(A}whileerﬂA/\—'b) 0 63 i
* Verification by [~ * Continuous / "+ Probabilistic

p ] ]
rogram logic automata
p g g | HI I dyl‘lamICS [Baier, Katoen, Hermanns,
* Automata- .. '* Probabnlu@ @ 1 :
% Hybrid
L S f t b ] Constra"]ts ‘* , [] [Alur, Henzinger, ...]
I -&\Ai; Z v A 4 : A
t peC| IC|a||On. y : :* Energy :* leferentlal
empora OQICS | | dynamic
G(P D FQ) ly [

Heterogenizing SS, So Far

. heterogenized
SS techniques new concerns techniques

theoretic U +

[ [l |Og i C [Platzer]

* T + e =» T(e), in aone-by-one manner m

*k Substantial theoretical efforts for each 7, e

68 Hasuo
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Metamathematical
Transfer

What’s happening
here?

Meta-theoretician

... uniform & comprehensive
construction

T + e = T(e) T B
’ - Exploiting the languages of

T1 + eq - modern abstract math.,

esp. category theory &
To T ex2 => [

Ts + e3 =

) ) ) Our prev. results via
o’ o Rl - honstandard transfer
- coalgebraic unfolding

SS techniques  new concerns  heterogen
techniq




5.5 yrs (-2022.3), ~ |
10-15 postdocs & senior researcﬁers

Interdisciplinary

* Control theory, software engineering, optimization,
machine learning, user interface, ...

* Many new technigues, and many common techniques

|. Hasuo (Director),

S. Katsumata, K. Czarnecki, F. Ishikawa (Group Leaders),
M. Hasegawa, T. Ushio (Site Leaders),

D. Sprunger, J. Dubut (Postdocs), ...
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